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Abstract. We compare the if -theories of symplectic quotients with respect to a compact 
connected Lie group and with respect to its maximal torus, and in particular we give a 
method for computing the former in terms of the latter. More specifically, let G be a 
compact connected Lie group with no torsion in its fundamental group, let T be a maximal 
torus of G, and let M be a compact Hamiltonian G-space. Let M//G and M//T denote 
the symplectic quotient of M by G and by T, respectively. Using Hodgkin's Kiinneth 
spectral sequence for equivariant if -theory, we express the if -theory of M//G in terms of 
the elements in the if -theory of M//T which are invariant under the action of the Weyl 
group, in addition to the Euler class e of a natural Spin c vector bundle over M//T. This 
Euler class e is induced by the denominator in the Weyl character formula, viewed as a 
virtual representation of T; this is relevant for our proof. 

Our results are if -theoretic analogues of similar (unpublished) results by Martin for ra- 
tional cohomology. However, our results and approach differ from his in three significant 
ways. First, Martin's method involves integral formulae, but the corresponding index for- 
mulae in if -theory are too coarse a tool, as they cannot detect torsion. Instead, we carefully 
analyze related if -theoretic pushforward maps. Second, Martin's method involves dividing 
by the order of the Weyl group, which is not possible in (integral) if -theory. We render this 
unnecessary by examining Weyl anti-invariant elements, proving a if -theoretic version of a 
lemma due to Brion. Finally, Martin's results are expressed in terms of the annihilator ideal 
of e 2 , the square of the Euler class mentioned above. We are able to "remove the square," 
working instead with the annihilator ideal of e. 
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1. Introduction 



The main result of this paper is a formula for the i^-theory of a symplectic quotient 
M//G with respect to a compact connected Lie group G, in terms of the i^-theory of the 
symplectic quotient M//T with respect to a maximal torus T of G. Such a formula is 
useful because computations of topological invariants, such as cohomology or K-theory, in 
equivariant symplectic geometry are frequently easier to carry out for abelian group actions. 
Thus, it is a common practice in equivariant symplectic geometry to prove results involving 
nonabelian compact connected group actions by first reducing to simpler computations for 
their maximal tori. Our theorem is an example of this general strategy. 

Symplectic quotients arise naturally in various fields. For example, toric varieties (which 
arise in combinatorics) and moduli spaces of bundles over Riemann surfaces (studied in gauge 
theory) are symplectic quotients. Furthermore, symplectic quotients are closely related to 
Kahler quotients or Geometric Invariant Theory ("GIT") quotients in complex algebraic 
geometry. Hence, many moduli spaces that arise as GIT quotients also have symplectic 
realizations, and the topological invariants of such moduli spaces give useful constraints on 
moduli problems. In addition, the theory of geometric quantization provides a fundamental 
link between the topology of symplectic quotients and representation theory (see e.g. [221 
Section 7]). 

How, then, does one compute the cohomology or i^-theory of symplectic quotients? In the 
case of rational cohomology, a fundamental result in this direction is the Kirwan surjectivity 
theorem [21]. Briefly, this theorem states that there is a "model ring" which surjects onto 
the ring of interest; namely, there is a natural surjective ring homomorphism 



where Hq(M; Q) is the G-equivariant cohomology ring of the original Hamiltonian G-space 
from which M//G is constructed. In order to compute H*(M//G; Q), it therefore suffices to 
compute two objects: the equivariant cohomology ring Hq(M; Q) and the kernel of k. The 
crucial advantage of this strategy is that for both of these latter computations, the presence 
of the G-action on M allows us to use equivariant techniques which are unavailable on the 
quotient. Subsequent work (see e.g. 0112111121111]) has yielded a rich theory for computing 
the rational cohomology rings of symplectic quotients. However, satisfactory techniques 
are not known for integral cohomology. We argue in ^5] that one should, instead, look 
to the i^-theory of symplectic quotients as the natural integral setting in which to extend 
the known results for rational cohomology. In particular, we demonstrate that the extra 
torsion information in il~-theory, unlike the torsion in integral cohomology, is amenable to 
several of the standard techniques used in this field. These techniques include the Atiyah- 
Bott lemma [3J, which is the key tool for many Morse-theoretic arguments in equivariant 
symplectic geometry. In jT3], we prove the .fT-theoretic analogue of the Kirwan surjectivity 
theorem and examine the structure of Kq(M), thereby opening the door to computations 
of the il~-theory of symplectic quotients using techniques similar to those above. 

Our main result in this manuscript is a .fT-theoretic analogue of an (unpublished) result 
of Martin [2H] for rational cohomology. This rational cohomology result also appears with 
an alternative proof due to Jeffrey, Mare, and Woolf in (201 • We streamline Martin's original 
proof for rational cohomology in a manner which extends to il~-theory, and in particular 
allows for the presence of torsion. Thus, by using our more direct methods, we are able to 
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go beyond computations of Betti numbers to subtler invariants of the manifolds. We will 
discuss in more detail, below, the differences between our approach and Martin's approach. 
We also note that in [T^j, Hausel and Proudfoot have developed a hyperkahler version of 
Martin's theorem, but for this paper we restrict our attention to the symplectic case. 

Martin's result is not a direct computation of the kernel of the Kirwan map, but is instead 
a comparison between a kernel of a nonabelian Kirwan map and an abelian Kirwan map. We 
now recall the setting of Martin's, and therefore our, results in some more detail. Throughout 
this paper, let G be a compact connected Lie group, let T be a maximal torus in G, and 
let W = N(T)/T denote the corresponding Weyl group. For our purposes, we impose only 
one torsion constraint, that G have no torsion in its fundamental group tti(G). On the 
other hand, if there is torsion in 7r 1 (G), then we have two possible recourses: first, we could 
eliminate the torsion by replacing G by a finite cover, or second, we could work with K- 
theory with coefficients in a ring S for which 7Ti(G) <8> S is torsion free, i.e., inverting those 
primes which appear in the torsion. We note that Martin requires no such assumptions 
about the torsion of G since he works with rational or real cohomology. 

Given a compact Hamiltonian G-space M with moment map \lq '■ M — > g* such that is 
a regular value of lig, the symplectic quotient M//G is defined to be the quotient li g 1 (Q)/G. 
Here, the quotient is viewed as the standard quotient if G acts freely on /i^ 1 (0), or an 
orbifold otherwise. Given T a maximal torus in G, the inclusion t ■=— > g of the corresponding 
Lie algebras gives rise to the linear projection g* — > t*, and composing this with llg yields 
the T-moment map lit '■ M — > t*, with M//T := / u^ 1 (0)/T. Here again we assume G t* 
is a regular value of lit, thus making M//T a manifold if the T-action on / u^ 1 (0) is free, 
and an orbifold otherwise. Below, we assume for simplicity that both M//G and M//T are 
manifolds, but our arguments readily generalize to the orbifold case. 

In this setting, the inclusions /i ( ^ 1 (0) M and /i^ 1 (0) ■=— > M induce natural maps 

(1.2) k g : K G (M) -> K*(M//G), k t : K T (M) -> K*(M//T), 

which we show in [13] are surjective. The problem of comparing K*(M//G) to K*(M//T) 
can therefore be formulated in terms of comparing the kernels of kg and Kt- We have the 
following theorem: 

Theorem 1.1. Let G be a compact connected Lie group with no torsion in its fundamental 
group 7Ti(£r), and let T be a maximal torus in G. If M is a compact Hamiltonian G -space, 
and is a regular value of the moment maps lig and lit, then the kernels of the Kirwan 
maps kg and k t given by M.ty) are related by 

ker k g = {x G K T (M) W : k t (x) ■ e = 0} , 

where e G K*(M//T) is the class induced by the denominator of the Weyl character formula 
under the map 

R(T) = K T (pt) -> K^Li^iO)) = K*(M//T). 

We first make some observations about this class e which appears in the statement of the 
above theorem. The denominator of the Weyl character formula is given by 

Yl ( e °/ 2 - e~ Q / 2 ) = s S n M e ™ (P) > 

a>0 weW 
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in terms of a choice of positive root system for G, where p is half the sum of the positive roots. 
The choice of positive root system affects only the overall sign of the Weyl denominator, but 
since we are interested in the annihilator of the induced element e G K*(M//T), this overall 
sign does not make any difference to Theorem 11.11 Furthermore, even if we were to factor 
out an overall e p from the Weyl denominator, as is done in some treatments of the Weyl 
character formula, this still does not affect the annihilator appearing in Theorem 11.11 

We now observe that the Weyl denominator is in fact an equivariant i^-theoretic Euler 
class, and hence arises naturally in our geometric context. If g and t are the Lie algebras of 
G and T, respectively, then the Weyl denominator is in fact the T-equivariant Euler class 
e T(fl/t) £ R(T) of the representation g/t, viewed as a T-equivariant bundle over a point. 
More geometrically, the Weyl denominator can also be viewed as the G-equivariant Euler 
class ea(G/T) G Kq(G/T) of the tangent bundle to the homogeneous space G/T, under 
the isomorphism Kq(G/T) = R(T). The overall sign and possible factor of e p in the choice 
of Euler class corresponds to the choice of Spin c -structure required to construct a Thorn 
isomorphism in K-theory, and is analogous to the choice of orientation in cohomology. 

Our second main theorem states our result in terms of the il~-theories of the two symplectic 
quotients. This second version is slightly stronger, since its proof requires the surjectivity of 
the Kirwan map kq in (J1.2J) above. 

Theorem 1.2. Let G be a compact connected Lie group with no torsion in its fundamental 
group 7Ti(G), and let T be a maximal torus in G. If M is a compact Hamiltonian G-space, 
and is a regular value of the moment maps \Lq and \xt, then the K -theories of the symplectic 
quotients M//G and M//T are related by an isomorphism 



where e G K*(M//T) is as described in Theorem ] 1. 11 

Our theorems and methods differ in three significant ways from that of the rational or 
de Rham cohomology versions given in [20] and First, the proofs of the cohomological 
versions rely on integral formulae which do not work in iT-theory in the presence of torsion. 
In particular, integral formula? involve real-valued pairings coming from Poincare duality, 
and the corresponding index formulae in fT-theory involve integer-valued pairings, which 
necessarily vanish on elements of finite order. In this paper, instead of using integral formulas 
we carefully analyze the K-theory pushforward map i\ : K*(X) — ► K*(Y) induced by a 
particular Spin c -inclusion i : X Y . Secondly, the proofs in [2U] and [2E| involve dividing by 
\W\, the order of the Weyl group, either in the statements of the integral formulas themselves, 
or in the process of averaging over the Weyl group. In an integral theory such as .fT-theory, 
making sense of such formulae or techniques requires inverting those primes which divide 
\W\. In place of these arguments, we consider Weyl anti-invariance, proving the following 
.fT-theoretic version of a lemma which Brion uses in JU] to establish a related result for the 
cohomology of geometric invariant theory quotients: 

Lemma 1.3. If X is a compact G-space, then the Weyl anti-invariant elements K^,(X)~ W 
are a free module over Kq(X) = K^{X) W with generator e as described in Theorem ] 1. 11 

This lemma appears as Part (2) of our Corollary 13.31 below, where we show that it is 
a consequence of the Weyl character formula, as interpreted by Bott in Finally, the 



K*(M//T) 
ann(e) 



w 



(1.3) 



K*(M//G) 
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statement of our theorems differs from Martin's Theorem A], since he uses the annihilator 
ideal of e 2 in place of the annihilator ideal of the Euler class e. The distinction between e 
and e 2 and the equivalence of the two corresponding statements is proved and discussed in 
detail in (20]. 

We now briefly survey the contents of this paper. In Section |21 we recall some essen- 
tial symplecto-geometric and topological facts relating nonabelian and abelian symplectic 
quotients. Then in Section El we develop the key tools which allow us to carefully ana- 
lyze properties of Weyl invariance and anti-invariance in equivariant .ff -theory. We define 
a i^-theoretic pushforward for a Spin c -inclusion in Section 01 and also prove a key lemma 
involving multiplication by the Euler class e. We prove our two main theorems in Section 
The last two sections discuss generalizations of our results, first to the case where we replace 
T by an arbitrary subgroup H of maximal rank in G, and secondly to other generalized 
cohomology theories. 

Finally, since the premise of this manuscript is that it is "easier" to compute the kernel 
of the Kirwan map kt for abelian T, we conclude the introduction with a few comments 
regarding the computation in the abelian case. The arguments used, for example, in to 
give an explicit description of the kernel of kt in the case of rational cohomology depend 
essentially on the (rational-cohomological) Atiyah-Bott lemma. By using the .fT-theoretic 
version of the Atiyah-Bott lemma fSl EH] and the results of this manuscript, it is straight- 
forward to generalize to the X-theoretic setting the explicit description of the kernel of the 
Kirwan map (in rational cohomology) given by Tolman and Weitsman . We also ex- 
pect some generalization of Goldin's effective algorithm ^1] for computing the kernel in the 
abelian case to also hold in i^-theory. These topics, together with examples computing the 
f^-theory of symplectic quotients, will be the subject of a future paper [TJ]. 
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Proudfoot, Dev Sinha, Peter Teichner, and Jonathan Weitsman for helpful discussions, and 
Victor Guillemin and Allen Knutson for their interest and encouragement. The second author 
thanks the University of Toronto and the Fields Institute for their hospitality and support 
while conducting a portion of this research. Both authors thank the Banff International 
Research Station for their hospitality. 



2. Background 

Let G be a compact, connected, possibly nonabelian Lie group. Suppose that M is a 
compact Hamiltonian G-space. Let T denote a choice of maximal torus of G; then M is also 
naturally a Hamiltonian T-space, by restricting the action of G and composing the G-moment 
map with the natural projection of Lie coalgebras. As mentioned in the introduction, our 
main goal in this paper is to relate the .fT-theory of the nonabelian symplectic quotient M//G 
to that of the abelian symplectic quotient M//T. In this section, we recall the basic facts 
which make our computation possible. 

We begin by reviewing the topological relationship between the two symplectic quotients. 
Denote by fie the moment map for the G-action. Then the corresponding moment map \i? 
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for the T-action is related to \i G by the diagram 



K G (M)^g 




t*. 



where p : g* — > t* is the linear projection dual to the inclusion t Q. Throughout this paper, 
we assume that is a regular value of both \i G and ht- As a consequence, the groups G 
and T act locally freely on the level sets /^(O) and /^(O), respectively The corresponding 
symplectic quotients or Marsden-Weinstein reductions of M at are then 

M//G := fi G \0)/G, M//T := n?{0)/T. 

We view these as standard quotients if the group actions are free, or as orbifolds otherwise. 
In the orbifold case, our i^-theoretic statements should be interpreted in terms of the orbifold 
.fT-theory: 

K* orh (M//G) := K* G (/^(O)) , iCbW/T) := K* (^(0)) . 

In other words, in the orbifold case, we work directly with the equivariant f^-theory of the 
level sets instead of dealing with the ordinary fT-theory of the quotient. Our arguments in 
Section |3] are already equivariant and are therefore unaffected by this difference, and the 
arguments in Section H] have straightforward generalizations to the equivariant case. Thus, 
henceforth, we assume for simplicity that M//G and M//T are manifolds. 

The definition of the symplectic quotient in both the nonabelian and the abelian case 
immediately gives rise to two natural maps, induced by the equivariant inclusions of the zero 
sets of the moment maps, / u^ 1 (0) ■=— > M and /i^ 1 (0) M : 



(2.1) 



K* G (M) 




(^(0)) 



K*(M//G) 



K^{M) 




(^(0)) 



K*(M//T) 



Both k g , kt are called Kirwan maps. In ^3], we prove that both n G and are surjective. 
Thus, in order to compute either K*(M//G) or K*(M//T), it suffices to compute the kernels 
of the respective Kirwan maps. In other words, we have 

K* G (M) 



[2.2) 



K*(M//G) 



ker(re G ) ' 

Furthermore, there is a natural forgetful map 



K*(M//T) 



Kf.(M) 
ker (kt) 



(2.3) r)f : K* G {M) -> K^(M) : 

obtained by restricting the G-action on a bundle to a T-action, which Atiyah shows is split 
injective in []] Proposition 4.9]. We have already mentioned in the introduction that there 
are many known methods for explicitly computing the kernel ker(Ky) for an abelian group T. 
The main result of this paper may now be stated as follows: given an element a £ K G (M), 
we will show that a £ ker(KG') if and only if r^(a) £ K^(M) satisfies a certain condition 
related to ker(K^). Thus, we will reduce the question of computing the kernel k.er(n G ) to 
that of computing the kernel ker(/«r). 
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We first note that since [Lt = V ° fiG-, an d G g* maps to G t* under p, we have that 
^ A t T 1 (0)- Moreover, the action of T preserves both //^(O) and /i^ 1 (0), so this is 
a T-equivariant inclusion. Hence the submanifold /ig 1 (0)/T includes into the T-symplectic 
quotient M//T := / Uy 1 (0)/T. On the other hand, the nonabelian symplectic quotient M//G 
is defined as /i ( ^ 1 (0)/G. Thus we have the following diagram relating the two symplectic 
quotients, using the intermediate space /i^ 1 (0)/T : 

(2.4) /% X (0)/r c >»t 1 (0)/T=M//T 



l x G 1 (0)/G = M//G 

where the vertical arrow 7r is a fibration with fiber G/T. 

Combining the Kirwan maps from (j2.1J) . the forgetful map (j2.3|) . and the maps induced 
by ()2.4|) . we obtain the following commutative diagram: 

(2.5) ^g( m ) c >K^(M) 



KG 



K*(M//G) K* (/^(OVT) ^— K*(M//T) . 

Here we recall that the Kirwan maps kq and kj- are surjective by our prior result and 
that the forgetful map r^f is split injective by |Tj. In addition, the map n* can be identified 
with the forgetful map : K G (ij, G l (ty) — > _ft'y(/ig 1 (0)), and thus is injective as well. By a 
diagram chase, we see that 

(2.6) ker kg = ker(7r* o kg) = ker(i* o kt ° r?) — ker(i* o Kr)\ imr G. 

We now recall the following key topological fact j2Hl Proposition 1.2] about the dia- 
gram (|2.4j) which will allow us to describe the kernel of i* explicitly. Let t° C g* denote 
the annihilator of t in g*, or equivalently let t° = keip be the kernel of the projection 
p : g* — ► t*. Consider the moment map p,Q '■ M — ► g* restricted to ^ (0). Since \it = p° Hg, 
we see that \iq restricts to a T-equivariant map 

(2.7) fi G : ^(0) -> t°. 

Furthermore, /x^ 1 (0) is precisely the zero set of this restricted moment map. Viewing /i^ 1 (0) 
as a principal T-bundle over the symplectic quotient M//T, let 

(2.8) E := /^(O) x T t° -> M//T 

be the associated vector bundle induced by the representation t° of T. The restricted moment 
map (J2.7|) then gives a section s : M//T — > i£ whose zero set is /i^ 1 (0)/T. 

Proposition 2.1. T/ie vector bundle E — > M//T given by 112. fy) has a section s transverse 
to the zero section whose zero set is /i^ 1 (0)/T. Furthermore, if G has no 2-torsion in its 
fundamental group tti(G), then a choice of Ad-invariant inner product on g induces a unique 
T-equivariant spin structure Spin(TJ) = yU^ 1 (0) x T Spin(t°) on E. 
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Proof. For reference, we briefly recall the argument given by Martin [26J. To obtain the 
desired s, we consider fi G restricted to /i^ 1 (0), as in ([2.7)1 . This restriction if T-invariant, so 
by taking a quotient, we obtain a section s of E = /i^ 1 (0) x T t°. The fact that is a regular 
value of \iq implies that G t° is a regular value of \iq\ 11 -\^ ) . Thus s is transverse to the 
zero section. 

To prove the second statement, note that an inner product on g allows us to identify the 
annihilator t° with the quotient g/t. If the inner product is Ad-invariant, then the action 
of T on t° gives us a group homomorphism T — ► SO(t°) — SO (g/t), and a T-equivariant 
spin structure corresponds to a lift to a group homomorphism T — > Spin(t°) = Spin(g/t). 
However, this is precisely the same information required for a G-equivariant spin structure 
on the homogeneous space G/T, and in particular, if 7Ti(G) has no 2-torsion, then G/T 
admits a unique homogeneous spin structure (see [7]). □ 

3. EQUIVARIANT fT-THEORY AND THE WEYL GROUP 

The following lemma is a result of McLeod j2Z|, which we use in Section El to compare the 
equivariant ^-theories with respect to a compact Lie group and its maximal torus. We prove 
it here in detail due to its importance to this paper. See also our discussion in [T^j, in which 
we use this result in order to establish a version of equivariant formality for Hamiltonian 
G-spaces. We note that a related result for algebraic i^-theory appears in [28J. 

Lemma 3.1. Let G be a compact connected Lie group with no torsion in its fundamental 
group 7Ti(G), and let X be a compact G -manifold. If T is a maximal torus of G, then X is 
likewise a T -manifold by restriction, and its G- and T-equivariant K -theories are related by 

(3.1) K* T (X) = K G (X)® R[G) R(T). 

Proof. This result is a consequence of Hodgkin's Kiinneth spectral sequence for equivariant 
.fT-theory which computes K G (X x Y) for two G-spaces X and Y via an Eilenberg- Moore 
spectral sequence starting with E 2 page 

(3.2) E 2 = Tot^ g \K g (X),K g (Y)). 
In particular, the 0-torsion is simply the tensor product, 

Tot^ G \k g (X),K* g (Y)) = K* G (X) ® R(G) K* G (Y). 

In [3TJ §3], Snaith argues that under a technical hypothesis, later verified by McLeod in |2Tj . 
this spectral sequence always converges as expected, provided that G is a compact connected 
Lie group with 7i"i(G) torsion-free. 

In our case, we take Y = G/T and use the isomorphisms 

Kq(G/T) R(T), K* G (X x G/T) = K^(X). 

The former is given in [3D] and is induced by the map identifying a representation U of T 
with the associated homogeneous bundle G x T U, or conversely identifying a homogeneous 
bundle E — > G/T with its fiber over the identity coset E e x- The latter is a generalization: 
at the level of vector bundles, a T-equivariant bundle ir : E — > X induces a G-equivariant 
bundle Gx^E over G/TxX. Here G acts on the left on the G-factor of GxjnE, while it acts 
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via the diagonal action on G/T x X. The projection map is given by (g, v) i— > (gT, g ■ tt(v)) 
for g G G and v £ E, which is well defined since for any t G T, 

(#r\ to) ~ (0, «) i— > (^r 1 ^ ^rt • tt(v)) = (#t, <? ■ tt(«)) , 

and is G-equivariant since for any h £ G, 

h ■ (g, v) = (hg, v) i — > (hgT, hg ■ ir(v)) = h-(g, g- ir(v)) . 

Conversely, given a G-equivariant bundle over G/T x X, its restriction to the identity coset 
eT x M is a T-equivariant bundle over M. These maps of vector bundles are inverses of each 
other and extend to equivariant if-theory. 

Finally, Pittie shows in |2S] that R(T) is a free i?(G)-module, and so we have 

TorJ (G) (K* G (X), R(T)) = for p ^ 0. 

The Kiinneth spectral sequence therefore degenerates into a standard Kiinneth isomorphism, 

K* T {X) S K* G (X x G/T) = K* G (X) ® R{G) K* T (G/T) = K* G {X) ® R{G) R(T), 

which gives us our desired result. □ 

Remark 3.2. Taking X = G in Lemma f3. 11 we obtain 

(3.3) K*(G/T) = K* T {G) S K* G (G) ® R(G) R(T) = Z ® R(G) R(T), 

where R(G) acts on Z by its augmentation homomorphism taking a virtual G-module to its 
integral dimension. Since R(T) is a free i?(G)-module by |2H|, we can write it in terms of 
generators ai, . . . ,a m , where m = \W\, as 

(3.4) R{T) S i?(G) ai © • • • © i?(G) a m . 
Considering the composition 

a : i2(T) -> K G (G/T) -> K*{G/T) 
together with the isomorphism ()3.3|) . we see that K*(G/T) is the free Z-module 

(3.5) K*(G/T) ^Za(ai) ©•••©Za(a m ), 

whose generators over Z are the images of the generators of R(T) over R(G). Using ()3.4|) 
and ([3.5)1 . we can rewrite the isomorphism ([3.1)1 . replacing the tensor product over i?(G) 
with a tensor product over Z, giving us the following non-canonical isomorphism: 

m 

K* T {X) £ i^(X) ® fl(G) i?(T) = 0^(1) i?(G) a, 

i=l 

= 0^(X) ® z Za(oi)^ir G (X) ® z /T(G/T) 



i=l 

as modules over K G (X). 

The corresponding statement in cohomology over a coefficient ring S is the isomorphism 

(3.6) H*(X;S)^H G (X;S)®H*(G/T;S), 

as modules over H G (X;S). This can be derived from the Leray-Serre spectral sequence 
for the fibration G/T — > — > Xg, which, in the words of [3], behaves like a product in 
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cohomology. However, in order for ()3.6|) to hold, the cohomology H*(G; S) must be torsion- 
free. In other words, all of the primes dividing the torsion in the integral cohomology 
H*(G; Z) must be invertible in S. This torsion constraint in cohomology is stronger than in 
.fT-theory, where we require only that the fundamental group irx(G) be torsion-free. We can 
similarly bypass this i^-theory torsion constraint by considering il~-theory with coefficients 
in a ring S where tti{G) <E> S is torsion-free, i.e., by inverting all primes which occur in the 
torsion of the fundamental group 7Ti(G). 

We note that ()3.6|) is the cohomological form of our Lemma 13.11 which Brion uses in his 
related discussion [TU] of geometric invariant theory quotients. 

We now recall two fundamental facts about the representation ring of a compact Lie group. 
Let G be a compact, connected, possibly nonabelian Lie group, and let T be a maximal 
torus. The Weyl group W = N(T)/T acts on representations of T, and the restriction to 
T of any representation of G is invariant under the action of the Weyl group. In fact, at 
the level of representation rings, the Weyl group acts on R(T), and the restriction map 
Tj. : R(G) — > R(T) gives an isomorphism 

r% : R(G) ^ R(T) W , 

identifying R(G) with the Weyl- invariants in R(T). This is a consequence of the classification 
of the irreducible representations of G in terms of their highest weights, together with the 
fact that the Weyl group acts simply transitively on the Weyl chambers. 

Secondly, the Weyl group is generated by reflections, and viewing it as a group of per- 
mutations of the Weyl chambers, we have a homomorphism sgn : W — > {±1}. The Weyl 
anti- invariant part R(T)~ W of R(T) consists of all elements on which w G W acts by sgn(w). 
In [7j, Bott points out that the Weyl character formula, 

(3.t) - ^ sgA : } rr . 

implies that the Weyl anti-invariant part R(T)~ W , which is the span of the principal alter- 
nating elements appearing in the numerator of (|3.7|) . is a free module over R(G) generated by 
the denominator of (|3.7jl . This Weyl denominator can also be written as the T-equivariant 
Euler class of the representation g/t, as we derive in (|5.4|) below, 

(3.8) e T (g/t) = J] (e a / 2 - e" Q / 2 ) , 

a>0 

in terms of a choice of positive roots of G. We can now use Lemma f3. II to extend these facts 
to equivariant .fT-theory by a simple argument: 

Corollary 3.3. Let G be a compact connected Lie group with no torsion in its fundamental 
group 7Ti(£r), and let X be a compact G-space. Let T be a maximal torus and W = N(T)/T 
the Weyl group. 

(1) The restriction map r*f : Kq(X) — > K^(X) gives an isomorphism 

4 : K* G {X) ^ K* T (X) W 
onto the Weyl-invariant elements. 
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(2) The Weyl anti-invariant elements K^,(X)~ W are a free module over K G (X) via the 
restriction map rtf, with a single generator given by the image o/e^g/t) G R(T)~ W , 
the Weyl denominator j l.V. under the natural map R(T) —>■ K^(X). 

Proof. Taking the Weyl-invariant part of both sides of (|3.1|) . and noting that the Weyl group 
acts trivially on K G (X) and R(G), we have 

K* T {X) W - Kq{X) ® r{g) R{T) w 

= K G {X) ® r{g) R(G) * K* G (X), 
proving (1). Likewise, taking the Weyl anti- invariant part of both sides of (jM.lj) . we have 

K* T (X)- W = K* G (X) ® R(G) R(T)~ W 

= K G {X) ® R(G) R(G)-e T ( S /t) 
= K G (X)-e T (g/t), 

giving us (2). □ 

Remark 3.4. Part (1) of Corollary 13.31 appears in [27|. On the other hand, we have not 
encountered part (2) of Corollary 13.31 elsewhere in the i^-theory literature. Part (2) is the 
-fT-theoretic version of a lemma due to Brion ^Qj, which states that the Weyl anti- invariant 
elements of H^(X), with rational coefficients, are a free module of rank 1 over H G (X), 
generated by the image of any non-zero element of the top cohomology group H top (G/T) 
under the isomorphism (|3.6|) . 

4. ^-THEORETIC PUSHFORWARDS, PULLBACKS, AND EULER CLASSES 

In this section, we develop further tools that we will need for our arguments in Section 
The original argument given in [2E] for the cohomological statement is based on integral 
formula? which we do not have at our disposal for K-theory due to the presence of torsion. 
Hence we must develop i^-theoretic techniques in order to achieve the same goal. We will 
phrase the results in this section more generally than the specific case of /ig 1 (0)/T and 
/x^ 1 (0)/T under consideration in this paper. Recall that /^^ 1 (0)/T •— > /i^ 1 (0)/T is an inclu- 
sion whose normal bundle is equipped, by Proposition 12.11 with a spin structure, and hence 
a canonical Spin structure. We now consider the general situation. 

Let i : X Y be an inclusion of compact smooth manifolds, and suppose that the normal 
bundle iV — > X of this inclusion comes equipped with a Spin structure. (In fact, all we 
really require is a Spin structure on the stable normal bundle.) Let 

k:N->Y, k: (N,N\X) -> (Y,Y\X) 

be the identification of the normal bundle with a tubular neighborhood of X in Y and the 
corresponding map of pairs. We define the pushforward in i^-theory, as introduced in 0] , to 
be the composition 

M : K*(X) K*(N, N\X) K*(Y, Y\X) ^ K*(Y) 

of the Thorn isomorphism for N, the inverse of an excision isomorphism, and the i^-theory 
homomorphism induced by the map of pairs 

j:Y^{Y,Y\X). 
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Explicitly, letting 7r : iV — > X be the vector bundle projection, the pushforward i\ acts on 
elements x G K*(X) by 

(4.1) i\ : x t-^ j* o (k*)^ 1 (ii*x ■ u(N)) , 
where 

u(N) G K*(N, N\X) = K*(Y, Y\X) 

is the .fT-theory Thorn class of N determined by its Spin c structure. The product in (J4.1)) is 
the map on relative il~-theory 

K*(N) ® K* (N, N\X) -> fsT* (JV, iV\X) 

induced by the tensor product of vector bundles. We note that this definition of the pushfor- 
ward does not depend on the choice of identification of the normal bundle N with a tubular 
neighborhood of X in Y. However, it does depend on the Spin c structure on N, which enters 
through the Thorn class u(N). 

The following lemma first appeared in jE] in the context of the .fT-theory of coherent 
sheaves. Here we present a topological version. 

Lemma 4.1. The pushforward map i\ : K*{X) — > K*(Y) in K-theory induced by a Spin c - 
inclusion i : X Y of smooth manifolds is a K*(Y) -module homomorphism, i.e., 

(4.2) i\(i*y 4 x) = y ■ i\x 
for all x G K*{X) and y G K*(Y). 

Proof. The naturality of the product on relative i^-theory gives us the commutative diagram: 

K*(Y) ®K*(Y, Y\X) —^K*(Y, Y\X) 

k* = k* k* 

K*(N) <g> K* (N, N\X) — ^ K* (N, N\X) 

Since the composition ion: N-^X^Y is homotopic to k, we have 

k*(y ■ z) = ir*i*y ■ k*z, 

for any y G K*(Y) and z G K*(Y,Y\X). The pushforward of i*y ■ x for y G K*(Y) and 
x G K*(X) is then given by 

i,{i* y . x ) = j* o (k*)- 1 U*{i*y ■ x) ■ u(N) 
= f o (k*)- 1 (n*i*y ■ n*x ■ u(N)^ 

= f(y(kT 1 (rc*x-u(N))y 

On the other hand, the products for standard and relative il~-theory are related by the 
commutative diagram 

K*(Y) ®K*(Y, Y\X) —^K*(Y, Y\X) 



K*(Y)®K*(Y) 



K*(Y) 
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and so we obtain 

i\(i*y ■ x) = y ■ (^j* o (A;*) _1 (7r*x • u(N))j = y ■ i\x, 
which gives us our desired identity (|4.2j) . □ 

Remark 4.2. If both X and Y are Spin , then we can alternatively define this pushforward 
homotopically as the composition 

i, ; K *(X) ^ K dimX ^(X) ±> K dimX ^(Y) ^ K *+dimy-di m x (y) 

of Poincare duality on X, and the standard pushforward on K- ho mo logy, and Poincare 
duality on Y. Following j2j, we view the il~-homology group K (X) as being determined 
by classes of elliptic operators on X, where two such operators are equivalent if and only 
if their homogeneous symbol determines the same class in K®(T*X) (using i^-theory with 
compact supports). Recalling from [4 that the symbol map is surjective if we include elliptic 
pseudo-differential operators, we see that the symbol map gives an isomorphism 

(4.3) a : K (X) ^ K° C (T*X). 

If X is Spin c , then the Poincare duality map is the composition 

P.D. : K*(X) ^> K *+dimX^ T * x ^ ^ Kd . mX _^x) 

of the Thorn isomorphism for the cotangent bundle T*X with the extension of the iso- 
morphism (|4.3J) to all degrees of if-theory, and it corresponds geometrically to the map 
x i— > [$ x ® x] taking a X-theory class x G K(X) to the if-homology class of the Spin c 
Dirac operator on X twisted by x, where x is viewed as the class of a virtual bundle. The 
pushforward z* in il~-homology can be defined naturally in terms of C*-algebras. 

We note that the identity (|4.2j) is a general property of the .ff -theory pushforward i\. It 
is not limited to the case where i is an inclusion and does not depend on our particular 
definition (j4.1|) . To see this, we need to consider the i^-theory version of the cap product, 
which using the identification ()4.3|) is determined by the product on the iT-theory of T*X 
according to the commutative diagram: 



K*(X) ® K*(X) > K^X) 




K*(T*X) <g> K*(T*X) K*(T*X) 

Geometrically, this .fT-theory cap product is induced by the map taking an elliptic operator 
D and a vector bundle E to the twisted operator D ® E on E'-valued sections, obtained 
by choosing a connection on E and replacing the derivatives appearing in D with covariant 
derivatives. In this notation, Poincare duality is the map K*(X) — > K*(X) given by x i— > 
[fix] ^ x - Applying Poincare duality, Lemma 14.11 is equivalent to the statement that the 
pushforward z* : K*(X) — > K^iY) in K- homology is a i^*(y)-module homomorphism. The 
identity (|4.2|) is equivalent to the identity 



i*{i*V ^ x) = y ^ i^x 
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for y G K*(Y) and x G K*(X) in terms of the .fT-theory cap product. However, this is nothing 
more than the naturality of the cap product, as expressed by the following commutative 
diagram: 

K*{X) <g> K*{X) — ^ K m (X) 

i* i* i* 

K*{Y) ® K*{Y) — ^ K*(Y) 

The corresponding statement holds for the cap product in homology and cohomology (see, 
for example, [THl §3.3]). 

Composing the restriction map i* with the pushfoward i\, we obtain 

i* o i\ : x t— > x ■ e(N) 

for all x G K*(X), as the Euler class e(N) G _ff*(X) of the normal bundle N is the restriction 
of the Thorn class u(N) to X. The reverse composition i\ o z* is generally not so simple. 
However, in the case that we are interested in, we have an extension of iV to a bundle over 
all of Y, which allows us to compute this composition directly. 

Lemma 4.3. Given a Spin vector bundle E — > Y and a section s : Y — > E transverse to 
the zero section, let X be the zero set of s, and i : X <^-> Y the inclusion. Then, 

(1) The normal bundle N to X is isomorphic to the restriction: N = i*E. 

(2) The unit element 1 G K*(X) pushes forward to the Euler class — e(E) G K*{Y). 

(3) For all y G K*(Y), we have the identity i\ o i* : y t— > y ■ e(E). 

Proof. Statement ((TJ follows immediately from the transversality of the section s determining 
X. Statement (J3J) follows from statement ©, together with Lemma f4.1[ by noting that 

i\(i*y) = i\(i*y ■ 1) = y ■ id- 
It remains to show Statement (J2J). In light of our definition (j4.1j) of the pushforward, we 
must show that the Thorn class u(N) G K*(N, N\X) maps to the Euler class e(E) G K*(Y) 
via the composition 

(4.4) K*(N, N\X) K*(Y, Y\X) K*(Y). 

Consider the Thorn class u(E) G K*(E, E\Y) of the bundle E -> Y. By Statement © and 
the naturality of the Thorn class, we have 

(4.5) u(N) = u(i*E) = i*u(E). 
On the other hand, the homomorphism 

(4.6) K*(E, E\Y) ^ K*(E) = K*(Y), 

pulling back to Y via any section, maps the Thorn class to the Euler class, u(E) i— > e(E). 
Since X is the zero set of the section s : Y — > E, we have a map of pairs 

s:(Y,Y\X)^(E,E\Y). 

Combining that with the inclusion 

i : (i*E,i*E\X) -> (E,E\Y) 
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and the isomorphism N = i*E from Statement (JTJ), we obtain the commutative diagram 



K*(i*E, i*E\X) ^— K*(E, E\Y) 



K*(N,N\X) 



k* 



K*(Y,Y\X) 



K*{E) 



K*(Y) 



(We note that the maps % : N — i*E — > E and s ok : N — * E are homotopic when restricted 
to a sufficiently small neighborhood of the zero section X inside of N, and so they induce the 
same maps on the relative if-theory.) Starting with the Thorn class u(E) G K*(E, E\Y), 
we obtain the commutative diagram: 



u(i*E) < — - — \u{E) 



l*u{E) 



u{N) ^— ^ — i s*u(E) e(E) 

where the left and right sides are given by ()4.5|) and ()4.6|) respectively. This diagram shows 
that the composition (|4.4jl on the bottom row indeed maps the Thorn class u(N) to the 
Euler class e(E). □ 

Corollary 4.4. Under the conditions of Lemma \4-c\ and further assuming that Y is Spin c ; 
we have the index formula: 

(4.7) Index $ x ® i*y = Index $ Y ® (y ■ e(E)) 

for all y G K*(Y). Here $ Y an d $x denote the Dirac operators corresponding to the given 
Spin c structure on Y and the induced Spin c structure on X respectively, and $ (g) x denotes 
the Dirac operator twisted by the K -theory class x. 

Proof. We note that the following diagram commutes: 

K*(X) > K*(Y) 



Index $ 



and the index formula (J4.7)) follows from the identity i\ i*y = y ■ e(E). 




□ 



Remark 4.5. The de Rham cohomology analogue of the index formula (J4.7j) is the integral 
formula 



i y 

x J) 

rank E I 



y - e H {E), 



for all y G H% R (Y), where en(E) G H^ kE (Y) is the cohomology Euler class. In this case we 
require only that Y and the bundle E — > Y be oriented, rather than Spin . Alternatively, we 
could express the integral formula ()4.8j) in terms of evaluation on the top homology class, 

(4.9) (fy, [X}) = (y^e H (E), [F]>, 

which also holds for cohomology with rational or integral coefficients. 
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The pushforward formula i\ i*y = y ■ e(E) for .fT-theory has as its cohomological analogue 
the formula i\i*y = y ^ en{E), where here i\ : H*(X) — > ]j*+ rankE (Y) is the pushforward 
in cohomology. An equivalent statement is that the cohomology Euler class ch{E) of an 
oriented bundle E —>■ Y is Poincare dual to the zero set X of a generic section transverse to 
the zero section (see [5|). For de Rham and rational cohomology, the pushforward formula is 
equivalent to the formulae ()4.8|) and ()4.9|) respectively. However, for i^-theory and integral 
cohomology, the index formula ()4.7|) and formula ()4.9|) respectively are weaker than the 
corresponding pushforward formulae. This is because the index of the Dirac operator and 
pairing with the top homology class are homomorphisms to the integers, and must therefore 
vanish on torsion elements. 

5. The ^-theory of M//G versus M//T 

We are now in a position to prove our two main theorems. Since we know by Part (1) of 
Corollary 13 . 31 that the restriction maps onto the Weyl- invariant elements, we may restrict 
the commutative diagram (J2.5)) to the Weyl-invariant components of all the .ff-theory groups. 
This gives us the following new commutative diagram: 



(5.1) K* G (M) i > K*(M) 



KG 



K*(M//G) K* (iig\Q)/ t ) W K*{M//T) W 

We recall from [15 that the Kirwan maps kg and given by ()2.1|) are surjective. Since the 
Kirwan map kt is essentially the restriction to /i^ 1 (0), we observe that it commutes with 
the action of the Weyl group, and restricting to the Weyl-invariants, we obtain 

(5.2) k t : K* T (M) W -> K*(M//T) W . 

Similarly, the pullback i* restricts to give a map 

i* : K*(M//T) W -> K*(n G \0)/T) W 

on the Weyl-invariant elements. 

Remark 5.1. The Kirwan map (|5.2|) restricted to Weyl-invariants is not necessarily surjective, 
as there may be Weyl-invariant elements in K*(M//T) which are the image of elements of 
Kt(M) which are not themselves Weyl-invariant. If we were to work over the rationals, then 
we could average over the Weyl group to construct Weyl-invariant preimages, but that may 
not be possible over the integers. This issue does not affect either of the two theorems below. 

We can now prove the main result of this article, which we state in two different forms. 
First, we state it in terms of the kernels of the Kirwan maps: 

Theorem 5.2. Let G be a compact connected Lie group with no torsion in its fundamental 
group 7Ti(G) ; and let T be a maximal torus in G. If M is a compact Hamiltonian G- space, 
and is a regular value of the moment maps fie and [it, then the kernels of the Kirwan 
maps kq and Kt given by \2. 1)) are related by 

keiK G = {xe K* T (M) W : k t (x) ■ e(E) = 0} , 

where e(E) G K*(M//T) is the K-theoretic Euler class of the bundle E given by 
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Second, we state it in terms of the ^-theories of the symplectic quotients. This second 
version is slightly stronger, and it assumes our Kirwan surjectivity result from [To] . 

Theorem 5.3. Let G be a compact connected Lie group with no torsion in its fundamental 
group iti(G), and let T be a maximal torus in G. If M is a compact Hamiltonian G -space, 
and is a regular value of the moment maps fia and \it, then the K -theories of the symplectic 
quotients M//G and M//T are related by an isomorphism 

K*(MI/T) W 

(5.3) K\M G) - 1 11 [ , 

ann(e(.fcj) 

where e(E) G K*(M//T) is the K-theoretic Euler class of the bundle E given by 112. S\) . 

In order to prove Theorems I5.2l and l5.31 we must examine the Euler class e(E) G K*(M//T) 
of the bundle E = /i^ 1 (0) Xt t° — > M//T corresponding to its spin structure. We observe 
that while E has a unique equivariant spin structure by Proposition 12. 1\ the sign of the 
Euler class e(E) depends on a choice of orientation. However, as we are interested only in 
the annihilator of e(E), this choice of sign does not affect Theorems 15.21 or 15.31 We first 
relate the .fT-theoretic Euler class e(E) appearing in the statements of Theorems 15 . 21 and 15.31 
with the denominator of the Weyl character formula given in ()3.8|) . 

Lemma 5.4. Given an Ad-invariant inner product and a system of positive roots for q, the 
Euler class e(E) G K*(M//T) associated to the unique T-equivariant spin structure on E is, 
up to sign, the image of the Weyl denominator exis/i) G R(T) under the associated bundle 
map R(T) —> K*(M//T). 

Proof. Recalling Proposition ^. 1[ we can use the inner product on g to identify the annihilator 
t° with the quotient g/t, and using the Ad-invariance, the unique T-equivariant spin structure 
on E is induced by the T-equivariant spin structure on g/t: 

Spin(E) S fi T \0) x T Spin(fl/t). 

It follows that the corresponding ^-theoretic Euler class e(E) is the image of the T- 
equivariant Euler class e-r(fl/t) under the map R(T) — > K*(M//T) taking virtual complex 
representations of T to virtual complex vector bundles over M//T associated to the principal 
T-bundle /^(O) M//T. 

The Euler class associated to a spin structure is the virtual bundle given by the difference 
of the two corresponding complex half-spin bundles. To construct the complex spin repre- 
sentation corresponding to a vector space V we choose a polarization V <8> C = W © W, and 
the spin representation is then given by 

§ y := A* C (W) ® det- 1/2 (Ty). 

Here, the inverse square root of the determinant, i.e., the top exterior power, is a correction 
factor which renders this spin representation independent of the choice of polarization. The 
corresponding ii'-theoretic Euler class is the difference 

e(V) = ([A c ^ cn (W)] - [A° c dd (W)]) ® [det" 1/2 (H0 



Note that while the spin representation Sy is independent of the polarization, the sign of 
the Euler class e(V), corresponding to the orientation of the vector space V, does depend 
on the choice of polarization. 
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Recall that the complement of the Cartan subalgebra decomposes as a direct sum of 
one-dimensional complex root spaces, 

(s/t)®c^0 0a . 

A T-invariant polarization of g/t® C then corresponds to a system of positive roots for g, 
with W = © Q , >0 g Q: - Since the Euler class is multiplicative, we obtain 

(5.4) e T (g/t) = J] e T (g Q ) = U(l- e~ a ) e«/ 2 = J] [e^ - e^) G R(T), 

which is precisely the Weyl denominator (|3.8|) . □ 

We note that the choice of positive root system in Lemma 15.41 affects only the sign of the 
Euler class e(E). We use this positive root system to determine the polarization of E <g> C 
into isotropic subbundles, which in turn determines the orientation of E. 

The main step in the proofs of Theorems 15.21 and 15.31 is the following lemma, which we 
prove using the results we established in Sections El and 0] above. 

Lemma 5.5. For any Weyl-invariant element y G K*(M//T) W , we have 

i*y = 0^y e(E) = 0, 

or in other words 

kerz* n K*(M//T) W = ann(e(£)) n K*(M//T) W . 

Proof. Suppose that an element y G K*(M//T) satisfies i*y = 0. By Proposition 12. 1[ the 
map i : /ig 1 (0)/T — > M//T is the inclusion of the zero set of a transverse section of the spin 
bundle E — > M//T. So, applying Lemma [4.31 we find that 

= i { {i*y)=ye{E). 

Conversely, suppose that y ■ e(E) = for a Weyl-invariant element y G K*(M//T) W . 
Pulling back to /Xg 1 (0)/T via the inclusion i, we find that 

= i*y ■ i*e{E) G K*(^ G l (0)/T) = K* T (^(0)). 

By Lemma 15.41 the class e(E) G K*(M//T) is the image of the T-equivariant Euler class 
e*r(g/t) under the map R(T) K*(M//T). Therefore, its pullback with respect to i is 
likewise the image of er(g/t) via the map 

e T (g/t) G R(T) .— i*e(E) G K* (^(0)) . 

By Corollary 13.31 the element i*e(E) generates the Weyl anti-invariants K^^Xq 1 (0))~ w as a 
free module over the Weyl-invariants K^^q 1 (0)) w . In particular, since i*y is Weyl-invariant, 
we see that i*y must vanish. □ 

Proof of Theorem \5.°A Recall that in (|2.6|) we established 

ker k g = ker(i* o n T )\ iiar a 

by studying the diagram (|2.5|) . The isomorphism between the left side and right sides of this 
equation is given by the restriction map : Kq(M) — > K^(M). By Part (1) of Corollarv l3.31 
we see that the image of the restriction map is precisely the Weyl-invariant elements, 

imrg = K^(M) W , 
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and so we have 

kerK G = {xe K* T (M) W : i*K T (x) = 0} . 

Since the Kirwan map n T given by 1)2.1 Jl is essentially the restriction map to / u^ 1 (0), we see 
that it commutes with the Weyl group action, and thus 

k t {K*(M)) C K* (fi^(0)) W K*(M//T) W . 

So, in order to compute the kernel of i* o k t restricted to the Weyl-invariants K^,(M) W , we 
must compute the kernel of i* restricted to the Weyl-invariants K*(M//T) W . However, by 
Lemma f5. 5) this kernel is precisely the annihilator of the Euler class e(T), restricted to the 
Weyl-invariants K*(M//T) W , giving us 

kerK G = {x G K^(M) W : k t (x) ■ e(E) = 0} , 

which is our desired result. □ 

Proof of Theorem \5.tA Referring back to the Weyl-invariant commutative diagram (J5.1)) . we 
see that the composition 

K*(M//T) W K*(fi G \0)/T) W = K*(M//G) 

is surjective, since kg is surjective jTB]. We therefore have an isomorphism K*(M//G) = 
K*(M//T) W / kerz*. Our result then follows directly from Lemma l5.5| as the kernel of i* 
restricted to the Weyl-invariant elements is precisely the annihilator of e(E). □ 

6. Equal rank subgroups 

In this section, we consider generalizations of our main theorems where we replace the 
maximal torus T of G with a maximal rank subgroup H of G. In other words, we consider 
subgroups H C G for which there exists a common maximal torus T such that T C H C G. 
For example, in the case G = U(n), the maximal rank subgroups are of the form H = 
U(ni) x U(n2) x • • • x U(rifc) with Yl n i = n - Another family of examples is SO(2n) inside 
SO(2n + 1). The equal rank inclusion of B4 = Spin(9) inside the exceptional Lie group F4 
has recently inspired some interesting representation theory [T3j . 

Let Wq and Wh be the corresponding Weyl groups. If in addition Wh is a normal 
subgroup of Wq, we can then consider the relative Weyl group Wg,h '■= Wg/Wh, which 
does not depend on the choice of common maximal torus. In this situation, given a G-space 
X, the action of the Weyl group Wg on Kj,(X) descends to an action of the relative Weyl 
group Wg,h on K* H (X) = K^(X) Wh , in light of Corollary EH1 In particular, when X is a 
point, the action of the Weyl group Wq on R(T) descends to an action of the relative Weyl 
group Wg,h on the representation ring R{H) = R(T) Wh . We can now generalize our results 
of Section El as follows: 

Lemma 6.1. Let G be a compact connected Lie group with no torsion in its fundamental 
group tti(G), and let X be a compact G -space. If H is a subgroup of maximal rank in G, 
then 

(6.1) K* H (X) = K G (X)® R(G) R(H). 

Furthermore, if the pair (G, H) admits a relative Weyl group Wg.h, then 
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(1) The restriction map r^ : K G (X) — > K* H (X) gives an isomorphism 

r G H : K* G {X) ^ K* H (X) W °.«. 

(2) The Wg,h~ anti-invariant elements K* h (X)~ Wg ' h are a free module over K G (X) via 
the restriction map r^, with a single generator given by the image of the Euler class 
en(fl/f)) e R(H)- Wg - h , under the natural map R(H) -> K* H (X). 

Proof. We can establish the identity ()6.1|) using the same argument as for Lemma 13.11 
above, considering here the Kunneth spectral sequence for the G-equivariant iT-theory of the 
product X x G/H. By our proof of Corollary I3.3| we then need only verify the statements 
(1) and (2) when X is a point, i.e., for the representation rings. For statement (1), we have 

R(G) = R(T) Wg £ (R(T) Wh ) Wg ' h £ R(H) Wg ' h . 

To establish statement (2), we first note that the relative Weyl group Wg,h acts sim- 
ply transitively on the Weyl chambers of G contained inside a fixed Weyl chamber of H. 
The Wg,h~ anti-invariant elements of R{H) are therefore generated by principal alternating 
elements of the form 

A([U])--= E *8*(v)[U), 

w£Wg,h 

where U is an irreducible representation of H . A choice of positive root system for G 
determines a positive root system for H . Letting U\ denote the irreducible representation of 
H with highest weight A, we see that w[U^\ = [U^.^], where w G Wq is the lift of w G Wg,h 
which maps the positive Weyl chamber for G into the positive Weyl chamber for H. When 
considering the principal alternating elements generating R(H)~ Wa - H , we can restrict our 
attention to the additive basis of elements of the form 

A(X) :=A([U X+PG „ PH ]), 

where A is a dominant weight for G, and pg and pu are half the sums of the positive 
roots, or equivalently the sums of the basic weights, for G and H, respectively. Adding pQ 
shifts dominant weights for G into the interior of the positive Weyl chamber for G, while 
subtracting pn shifts to include weights which lie on the border of the positive Weyl chamber 
fori/. 

We now recall the following generalization of the Weyl character formula due to Gross, 
Kostant, Ramond, and Sternberg [T3] : 

(6-2) V x ® §+„ -V x ® S~ /6 = £ sgnH Ua { x +Pa) - PH , 

w&Wg/Wh 

where V\ is the irreducible representation of g with highest weight A, and the identity is 
viewed in terms of virtual representations in R(H). The difference of the two half-spin 
representations is precisely the if-equivariant .fT-theory Euler class of the representation g/f) 
of if: 

(6.3) e„(g/h) = [S+ J - [S^J = ^ sgn(^) [U^ PH ] G R(H). 

w&Wg/Wh 
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We note that ()6.2|) and (|6.3j) hold even when Wh is not a normal subgroup of Wq- However, 
if Wh is normal, these equations simplify slightly, since w ■ pn — Ph in this case, and thus 

(6.4) w(\ + p G ) - p H = w(\ + p G -p H ). 
We can therefore rewrite (J6.2)) in the form 

A(A) = rg [V x ] ■ cjrOl/W, 
and it follows that R(H)~ Wa < H is a free module over R{G), generated by e#(£j/f)). □ 

Remark 6.2. We note that it is vital to this proof that Wh be a normal subgroup of Wa- 
it not only allows us to consider actions of the relative Weyl group Wg,h — Wg/Wh, but 
also implies that the action of w fixes pn, giving us ()6.4|) and allowing us to work with the 
relative p-shift pc — Ph- This property holds, for example, if G = G± x G 2 and H = G\ x T 2 , 
where G\ and G 2 are compact connected Lie groups, and T 2 is a maximal torus in G 2 . In 
this case, we have W G = W Gl x W Ga , = W Gl , and W^i? = W Ga . On the other hand, for 
many cases such as G = U(3) and if = U(2) x U(l), we do not have a relative Weyl group, 
and this result does not apply. 

The results of Section 0] do not even mention the maximal torus T, and all that is required 
to apply them is an analogue of Martin's topological Proposition 12.11 However, the proof 
of Proposition 12.11 does not require that T be a maximal torus, or even abelian! So, we can 
replace T in Proposition 12. II with any closed subgroup H of G, maximal rank or otherwise. 

Putting together all of these ingredients, the arguments of Section |3] generalize mutatis 
mutandis to give the following theorem. Let kg denote the Kirwan map as defined in ([2.1)1 . 
and kh the Kirwan map for the symplectic quotient M//H. Here, we replace the bundle E 
given by ()2.8|) with the bundle 

(6.5) EH:=PH\0)x H i) ^M//H 
where f)° is the annihilator of i) in g*. 

Theorem 6.3. Let G be a compact connected Lie group with no torsion in its fundamental 
group 7fi(G), and let H be a subgroup of maximal rank in G which admits a relative Weyl 
group Wg.h- If M is a compact Hamiltonian G-space, and is a regular value of the moment 
maps pg and Ph, then the kernels of the Kirwan maps kg and kh given by \2. 1)) are related 
by 

kerK G = {xe K* h {M) Wg < h : k h (x) ■ e(E H ) = 0} , 
where e(En) £ K*(M//H) is the K -theoretic Euler class of the bundle Eh given by 16'. 5)) . 

Finally, using our Kirwan surjectivity result from we obtain our second stronger 
version of this theorem, computing the .fT-theory of the symplectic quotient rather than the 
kernel of the Kirwan map. 

Theorem 6.4. Let G be a compact connected Lie group with no torsion in its fundamental 
group 71"! (G), and let H be a subgroup of maximal rank in G which admits a relative Weyl 
group Wg.h- If M is a compact Hamiltonian G-space, and is a regular value of the moment 
maps pg and pn, then the K -theories of the symplectic quotients M//G and M//H are related 
by an isomorphism 

K*(M//H) Wa > H 

k*(m//g) ^ y^ii 11 ) 



ami 



{<E H )) 
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where e(En) e K*(M//H) is the K-theoretic Euler class of the bundle En given by KG. 5)) . 

In both of these theorems, the bundle E H is associated to the representation h° = g/h of 
H, and the Euler class e(E H ) is induced by the if-equivariant Euler class e#(g/f)) G R(H) 
given in ()6.3|) via the map 

R{H) ^ K* h (lIh{$)) = K\M//H). 

This Euler class can also be viewed as the G-equivariant Euler class e G {G/ H) via the isomor- 
phism Kq(G/H) = R(H), as well as the "denominator" in the maximal rank generalization 
(|6.2|) of the Weyl character formula. For further discussion of this Euler class, see Bott's 
classic papers pHE], or the second author's recent work [23]. For further discussion of the 
formula (|6.2j) and the "Euler number multiplets" which appear on its right hand side, see 
Kostant's paper [23J or the second author's extension of these results to loop groups [2"lj . 

7. Other cohomology theories 

In this section, we discuss versions of our main results, Theorems 15.21 and 15. 3[ in different 
cohomology theories. We begin with rational cohomology, comparing our treatment with 
that of Martin in j2H]- We then discuss integral cohomology and, finally, other cohomology 
theories such as complex cobordism. 

Since the Chern character gives a ring isomorphism from rational .fT-theory to rational 
cohomology, our K-theoretic results imply the corresponding statements in rational coho- 
mology. We note that the Chern character of a i^-theory Euler class is not equal to the 
corresponding cohomology Euler class; rather, their quotient is the Todd class. However, 
the Todd class is invertible, and thus the two have the same annihilator ideals. 

We present two different methods for proving the rational cohomology analogues of our 
Theorems 15.21 and 15.31 directly. The first method is to use direct rational-cohomological 
analogues of the two vital ingredients in our proofs in Section |5J namely Corollary 13.31 and 
Lemma [Ql The analogous results both hold for rational cohomology, as we discuss below. 
The second method considers an additional pushforward map corresponding to the fibration 
it : /i^ 1 (0)/T — > M//G. This latter method is more in the spirit of Martin's original argument, 
but still differs from it in some respects. We discuss the differences in detail below. 

We begin with the direct rational cohomology analogue of our proofs. As an analogue to 
part (1) of Corollary 13.31 it is well known that if X is a G-space, then the restriction map 
gives an isomorphism 

4 : H* G (X;Q) ^ H*(X;Q) W 

between the G-equivariant cohomology and the Weyl-invariant part of the T-equivariant 
cohomology. Moreover, in |TU], Brion argues that the Weyl anti-invariant part H^(X; Q)~ w 
is a free module of rank 1 over H G (X; Q), and Brion further notes that, via the decomposition 

H*(X; Q) S H* G (X; Q) ® Q H*(G/T; Q), 

the single generator is induced by any non- vanishing element of the top cohomology group 

H*{G/T; Q)~ w = H top (G/T; Q). 

In particular, the cohomology Euler class e H (G/T) e H*(G/T; Q) is such an element, and so 
1 <8> e H {G/T) generates H^(X; Q)~ w as a module over H G (X; Q). However, this Euler class 
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is induced by the equivariant Euler class (g/t) G if£(pt; Q) via the natural homomorphism 

#r(pt; Q) Q) = h*(g/t-, q), 

and thus the image of (g/t) generates H^(X; Q)~ w as a free module over H^(X; Q). This 
is the rational cohomology analogue of part (2) of our Corollary 13.31 

The analogue of Lemma \A. 31 in de Rham cohomology is the statement that if E — * Y is an 
oriented vector bundle and a section s : Y — » i£ is transverse to the zero section, then the 
zero set of s is Poincare dual to the cohomology Euler class e H (E) G H rankE (X) (see 0). 
In the special case where E is the tangent bundle of an oriented manifold, this becomes the 
familiar fact that the Euler characteristic is the number of zeros of a generic vector field. We 
note that our proof of Lemma 14.31 is not specific to i^-theory, and in fact holds for rational 
or de Rham cohomology when E is an oriented vector bundle. 

Putting together these prerequisites, the argument given in Section can now be used 
to give a proof of the rational cohomology versions of Theorems 15.21 and 15.31 In contrast, 
Martin's proof in j2E] does not consider anti-invariant elements, bypassing Brion's lemma 
entirely. Instead, Martin considers the pushforward map 

7T, : H*(^ G l (0)/T;Q) - H*(M//G;Q) 

corresponding to integration along the G/T fibers of the map ir : /i^ 1 (0)/T — > M//G given 
in ([2.4)1 . In a statement analogous to that of our Lemma 14.31 Martin argues that if Vert is 
the bundle of vertical tangent vectors over /i^, 1 (0)/T, then 

(7.1) ^(e^Vert) - n*x)= vr, (e H (Vert)) ~x = \W\x 

for all x G H*(M//G; Q). 

Using this additional pushforward map n\ in (|7.1j) . we now give our second proof of the 
rational cohomology analogue of our fundamental Lemma 15.51 Let e H (E) G H*(M//T;Q) 
be the cohomology Euler class of the bundle E — > M//T given by (|2.8j) . This is the image 
of the equivariant Euler class e T (g/t) under the map 

tf* (pt; Q) - H* (^(O); Q) = H*(M//T; Q). 

Lemma 7.1. For any Weyl-invariant element y G H*(M//T;Q) W , we have 

i*y = 0^y^ e H (E) = 0, 

where e H (E) is induced by the equivariant cohomology Euler class etf (g/t) G if^(pt; Q). 

Proof. Suppose that an element y G H*(M//T;Q) satisfies i*y = 0. By the rational coho- 
mology analogue of Lemma I4.3[ we have 

= i,(i*y) =y^e H (E). 

Conversely, suppose that y ^ e H (E) = for a Weyl-invariant element y G H*(M//T; Q) w . 
Pulling back to /i^ 1 (0)/T via the inclusion i, we have 

(7.2) = i*y - z*e"(£) G H*(^)/T- Q). 
Since ?/ is Weyl-invariant, so is its pullback i*y. However, since the map 

tt* : H*(M//G;Q) -> H*{^\0)/T; ®) W 
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is isomorphic to the restriction 

4 : F*(^(0);Q) ^H* T ^ G \Q)-Q) W , 

we see that i*y = tt*x for some x G H*(M//G;Q). Applying the pushforward 7n to both 
sides of ()7.2|) and using (|7.1|) . we obtain 

= tt, (i*y - i*e H (E)) = 7T! (tt*x - e H (Vert)) = |W| ar, 

where we note that the bundles i*E and Vert over ^^ 1 (0)/T are induced by the isomorphic 
representations t° and g/t of T. Since \W\ is strictly positive, we must have x = 0, and 
therefore i*y = tt*x = 0. □ 

The rational cohomology analogues of our main theorems follow immediately from the 
above lemma, following the arguments in Section We note that while this lemma is 
attributed to Martin in [32], it does not actually appear in his paper [2B]. In particular, all 
of the results in [2B] are given in terms of the square of the cohomology Euler class e H (E) 2 , 
whereas ours, including the lemma above, are in terms oie(E). Nevertheless, our proof above 
of Lemma I7TT1 captures the spirit of Martin's arguments in j2H]; since we examine, as he does, 
the behavior of the cohomology Euler class e H (E) with respect to both of the pushforwards 
i\ and tti. However, we have removed from Martin's arguments any reliance on Poincare 
duality pairings and averaging over the Weyl group. Similarly, in [20], Jeffrey, Mare, and 
Woolf prove the equivalence of the two results, one stated in terms of the single cohomology 
Euler class e (E) and the other using its square e H (E) 2 . They follow Martin's general setup, 
and thus use a summation over the Weyl group and Poincare duality, in addition to Brion's 
lemma. However, as we showed in Section once we consider Brion's lemma, these results 
follow directly without use of integral pairings or Poincare duality. 

If we were to consider integral cohomology rather than rational cohomology, we encounter 
several problems. In order for some of the results analogous to those in Section |H] to hold 
for H*(—\ Z), we must require that the cohomology H*(G; Z) of the group G be torsion-free. 
This is a much more restrictive condition than the i^-theoretic requirement that tti(G) be 
torsion-free, and in particular Borel showed in [3] that the Lie groups Spin(n) for n > 7, as 
well as the exceptional Lie groups G2 and F±, all have torsion in their integral cohomology. 
More importantly, in the integral case, part (2) of Corollary 13.31 does not hold as written. It 
is true that the Weyl anti-invariants are a free module of rank 1 over the Weyl-invariants, but 
the equivariant cohomology Euler class (g/t) is not a generator! Rather, the generator is 
1/1 W| (g/t), which we see by noting that e H {G/T) is x(G/T) = \W\ times the generator 
of the top cohomology of G/T. As a result, we cannot repeat our proof of Lemma f5. 51 since 
in the presence of torsion the element \W\ may become a zero divisor. Similarly, we cannot 
use the argument in our proof of Lemma \7. II above, since that also requires division by \W\. 
Finally, to prove an integral cohomology version of Theorem l5.31 we would require an integral 
cohomology version of Kirwan surjectivity, which does not necessarily hold because of the 
presence of torsion (see 

The difficulties in integral cohomology may be eliminated by inverting those primes which 
appear in the torsion of H*(G; Z), which divide the order \W\ of the Weyl group, or which 
interfere with the Kirwan surjectivity theorem. However, none of this is necessary in K- 
theory. We therefore conclude that (integral) il~-theory, rather than integral cohomology, 
is the natural setting in which to extend these rational cohomology results. This agrees 
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with our observation in that passing from integral cohomology to il~-theory eliminates 
precisely enough torsion for these results to hold. Finally, we conjecture that these results 
also have natural extensions to complex cobordism, which determines complex i^-theory 
much as complex .ff -theory determines rational cohomology. For instance, in ^H], Hodgkin 
derives his Kiinneth spectral sequence for any cohomology theory, and we expect that results 
analogous to those in Section El hold for complex cobordism as well. Furthermore, the results 
of Section 0] hold in any cohomology theory where the bundles admit Thorn isomorphisms 
and Euler classes. In particular, the bundle E associated to the representation g/t admits 
a complex structure, and so it gives rise to a corresponding Thorn isomorphism and Euler 
class in complex cobordism. We also believe it worthwhile to explore the versions of these 
results in other variants of i\"-theory and cobordism, such as il~0-theory or spin cobordism, 
as well as other cohomology theories such as elliptic cohomology. 
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